Abstract. Let G be a finite abelian group. The Erdős-Ginzburg-Ziv constant s(G) of G is defined as the smallest integer l ∈ N such that every sequence S over G of length |S| ≥ l has a zero-sum subsequence T of length |T | = exp(G). If G has rank at most two, then the precise value of s(G) is known (for cyclic groups this is the Theorem of Erdős-Ginzburg-Ziv). Only very little is known for groups of higher rank. In the present paper, we focus on groups of the form G = C r n , with n, r ∈ N and n ≥ 2, and we tackle the study of s(G) with a new approach, combining the direct problem with the associated inverse problem.
Introduction and Main Result
Let G be an additive finite abelian group. We denote by
• D(G) the smallest integer l ∈ N such that every sequence S over G of length |S| ≥ l has a non-empty zero-sum subsequence.
• s(G) the smallest integer l ∈ N such that every sequence S over G of length |S| ≥ l has a zero-sum subsequence T of length |T | = exp(G). Then D(G) is called the Davenport constant and s(G) the Erdős-Ginzburg-Ziv constant of G. These are classical invariants in Combinatorial Number Theory, and their precise values are known for groups with rank at most two. Indeed, we have (see [15, Theorem 5.8.3] ) and the precise value is known so far only for r ≤ 6 (see [18, 2] ). The connection to affine caps will be addressed in greater detail in Section 4. In the next theorem, we gather the cases where precise values for s(G) are known (more on upper and lower bounds will be given in Section 2).
Theorem B. Let G be a finite abelian group, n, r positive integers, and a, b nonnegative integers.
• If G = C 2 a ⊕ C 
]).
• s(C • s(C 
• s(C • If G is a p-group for some odd prime p with D(G) = 2 exp(G) − 1, then s(G) = 4 exp(G) − 3 ([21, Theorem 1.2]).
• If there exists some odd q ∈ P such that D(G q ) − exp(G q ) + 1 | exp(G q ) and G p is cyclic for each
This shows that precise results for s(G) are extremely sparse (a few more precise results and upper bounds for groups G which are not of the form C r n can be found in [3, 14] ). In the present paper, we focus on groups of the form G = C r n , with n, r ∈ N and n ≥ 2, and we tackle the study of s(G) with a new approach, combining the direct problem with the associated inverse problem. We outline this in the next paragraph.
Let G = C r n with n, r ∈ N and n ≥ 2. The inverse problem associated with s(G) asks for the structure of sequences of length s(G) − 1 that do not have a zero-sum subsequence of length n. The standing conjecture is that every group of above form satisfies the following Property D (see [9, Conjecture 7.2 
Property D. Every sequence S over G of length |S| = s(G) − 1 that has no zero-sum subsequence of length n has the form S = T n−1 for some sequence T over G.
In the case r = 2, Property D was first studied by the second author in [8] , and only recently W.A. Schmid completely determined the structure of the sequences having Property D (it was even done for general groups of rank two; see [20, Theorem 3.1] ). A detailed overview of Property D and its relationship with further inverse problems can be found in the survey paper [13, Section 5] .
Suppose that G = C r n satisfies Property D. Then s(G) = c(n − 1) + 1 where c = |T |, and we say that G satisfies Property D with respect to c. If s(G) = c(n − 1) + 1 for some c ∈ N, then G satisfies the following Property D0.
Property D0. (with respect to some c ∈ N). Every sequence S over G of the form S = gT n−1 has a zero-sum subsequence of length n, where g ∈ G and T is a sequence of length |T | = c. Now we can state our main result. 
The proof of Theorem 1.1 will be given in Section 3. After the proof we will discuss how to apply Theorem 1.1, and we will provide an explicit list of groups satisfying the assumptions of Theorem 1.1. For all of them we will get that s(C r mn ) = c(mn − 1) + 1.
Preliminaries
Our notation and terminology are consistent with [9] and [13] . We briefly gather some key notions and fix the notation concerning sequences over finite abelian groups. Let N denote the set of positive integers, P ⊂ N the set of prime numbers and N 0 = N ∪ {0}. For real numbers a, b ∈ R, we set [a, b] = {x ∈ Z | a ≤ x ≤ b}. Throughout this article, all abelian groups will be written additively, and for n ∈ N, we denote by C n a cyclic group with n elements.
Let G be a finite abelian group and exp(G) its exponent. A sequence S over G will be written in the form
and we call
The sequence S is called a zero-sum sequence if σ(S) = 0. For every element g ∈ G, we set g
Every map of abelian groups ϕ : G → H extends to a map from the sequences over G to the sequences over H by setting
If ϕ is a homomorphism, then ϕ(S) is a zero-sum sequence if and only if σ(S) ∈ Ker(ϕ).
Proof. Lemma 2.2. Let n ∈ N with n ≥ 2.
2. See [5] and [3, Lemma 3.4 and Theorem 1.1].
The above mentioned lower bounds for s(C 2
be a sequence over C r mn . We need to show that S has a zero-sum subsequence of length mn.
Let ϕ : G → G denote the multiplication by m. Then Ker(ϕ) ∼ = C r m , ϕ(G) = mG ∼ = C r n , and
is a sequence over ϕ(G). For every i ∈ [1, c] and every j ∈ [1, m − 1], we set
, and since ϕ(G) has Property D0, T has a subsequence S 0 such that ϕ(S 0 ) is a zero-sum sequence of length n. Since Ker(ϕ) has Property D0 and
is a sequence over Ker(ϕ), it has a zero-sum subsequence of length m. Therefore there is a subset I ⊂ [0, c(m − 1)] such that |I| = m and k∈I σ(S k ) = 0, which implies that k∈I S k is a zero-sum subsequence of S of length mn. Lemma 2.5. Let n ∈ N be an odd integer which is only divisible by primes p ∈ {3, 5, 7, 11, 13}. Then C 3 n has Property D0 with respect to 9. Proof. By Lemma 2.3, it suffices to show that C 3 p has Property D0 with respect to 9 for all p ∈ {3, 5, 7, 11, 13}. For p ∈ {3, 5}, this follows from Lemma 2.4. For the other primes this has been verified by a computer program written in C language (the running time was about 0.03, 17 and 31 computer hours, respectively).
Proof of Theorem 1.1 and some applications
Proof of Theorem 1.1. Let G = C r mn with m, n, r ∈ N, and let all assumptions be as in Theorem 1.1. Assume to the contrary, there exists a sequence S over G with |S| = c(mn − 1) + 1 such that S has no zero-sum subsequence of length mn. Let ϕ : G → G denote the multiplication by m. Then Ker(ϕ) ∼ = C r m and ϕ(G) = mG ∼ = C r n . We start with a simple observation which will be used several times in the proof. Proof of A1. Since S has no zero-sum subsequence of length mn, the sequence σ(T 1 ) · . . . · σ (T c(m−1) ) has no zero-sum subsequence of length m. Since Ker(ϕ) has Property D, the assertion follows.
First we show that S has a product decomposition as in assertion A1. Note that
Since s(C We set
and S = S 1 · . . . · S t , where h 1 , . . . , h t ∈ ϕ(G) are pairwise distinct, r 1 , . . . , r t ∈ N, and ϕ(S i and n > (c − 1) 2 , we deduce that the c-th largest r i is at least
Thus it follows that f ≥ c.
A3. For every
Since |S| = c(mn − 1) + 1, SL −1 admits a product decomposition
, where all a i ∈ Ker(ϕ) are pairwise distinct. After renumbering if necessary we may assume that σ(V 1 ) · . . . · σ(V cm−c−2 ) = a , where
Since m ≥ 4, L 1 is an arbitrary subsequence of L and L an arbitrary subsequence of S i , we infer that L and therefore S i has at most two distinct elements. Therefore there exists some element g i ∈ G which occurs at least
|Wi| . Assume to the contrary that |W i | ≥ 2. We set
and as above we obtain a product decomposition of S(
, and thus g i = a, a contradiction.
Now we have
Thus we get v 1 + . . . + v f ≥ ((c − 1)(m − 1) + 1 + f )n, and hence
By the pigeonhole principle, there are at least m sequences C 1 , . . . , C m among of the
. This implies that C 1 · . . . · C m is a zero-sum subsequence of S of length mn, a contradiction.
After renumbering if necessary we may suppose that | supp(σ(g
, and we distinguish two cases.
has no zero-sum subsequence of length n. Let l ∈ N 0 be maximal such that Q admits a product decomposition of the form Q = Q ′ U 1 · . . . · U l , where |U i | = n and ϕ(U i ) is a zero-sum sequence for every i ∈ [1, l] . It follows that
Since ϕ(G) ∼ = C r n has Property D0 with respect to c, every sequence of the form h
ϕ(x) with x ∈ Q ′ has a zero-sum subsequence of length n. Thus for every x ∈ supp(Q ′ ), one can find a sequence
, |U l+1 | = n and ϕ(U l+1 ) has sum zero. Since
we can do so for every i ∈ [1, |Q ′ |], and we obtain a product decomposition S = Q ′′ U 1 · . . . · U l U l+1 · . . . · U l+|Q ′ | where the sequences U l+1 , . . . , U l+|Q ′ | have the above properties. Obviously, we have ϕ(
σ(U i ) has a zero-sum subsequence of length m, and hence S has a zero-sum subsequence of length mn, a contradiction.
has a zero-sum subsequence of length n.
be a zero-sum subsequence of h
. Next we write S in the form 
Next we provide a further construction of more than s 1 subsequences of M 2 of length n and with sum σ(g n 1 ), which allows us to find more than s 1 such subsequences and derive a contradiction. Since
Thus altogether there are
and
is a zero-sum subsequence of S of length mn, a contradiction. Now we discuss how to apply Theorem 1.1. Let r, c and n 0 be positive integers and p ∈ P a prime. Suppose that C Let G = C r n with n ≥ 3 odd and r ∈ N. As already observed in [3, Section 5] , in all situations known so far we have s(G) = g(C r 3 ) − 1 (n − 1) + 1, and we would like to formulate this is a conjecture (obviously, it implies that C r n satisfies Property D0 with respect to g(C Finally we consider groups with even exponent. Let n, r and a be positive integers. By Theorem B, Lemma 2.1.2 and Lemma 2.1.1 we obtain that s(C r 2 a n ) ≤ n(2 r (2 a − 1)) + n r + n − 1 = 2 r (2 a n) + n r + n − 2 r n − 1 , and by Lemma 2.2.1 we have 2 r (2 a n − 1) + 1 ≤ s(C r 2 a n ) ≤ 2 r (2 a n − 1) + 1 + n r − 2 r n + 2 r + n − 2 .
Therefore there exists an α ∈ [0, n r − 2 r n + 2 r + n − 2] such that s(C r 2 a n ) = 2 r (2 a n − 1) + 1 + α for infinitely many a ∈ N .
We are not aware of any even n such that s(C r n ) > 2 r (n − 1) + 1, and end with the following conjecture.
Conjecture 4.3. For all n, r ∈ N we have s(C r 2 a n ) = 2 r (2 a n − 1) + 1 for all sufficiently large a ∈ N .
